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Abstract 
This paper considers 6 x 6 row-and-column designs in which (i) each of 4 treatments is replicated 
9 times, (ii) each treatment occurs either once or twice in each row and each column, (iii) exactly 
2 treatments are duplicated in each row and each column, and (iv) each of the 6 pairs of treatments is 
duplicated in exactly one row and exactly one column. These designs are balanced in a statistical 
as well as combinatorial sense and have been of statistical interest for more than 40 years. But 
they have not hitherto been enumerated. A backtracking search process [6] has now been 
used to enumerate the designs that are inequivalent under independent row permutations, column 
permutations, relabelling of the treatments and transposition about the main diagonal; just over 
half-a-million inequivalent designs were found. With attention restricted to designs symmetrical 
about the main diagonal, 920 designs were found, including only 2 with automorphism group of size 
12 (the maximum possible). Some balanced superimpositions of one of the designs of another are 
presented. 
1. Introduction 
This paper is concerned with 6 x 6 row-and-column designs in which: 
(i) each of 4 treatments is replicated 9 times, 
(ii) each treatment occurs either once or twice in each row and each column, 
(iii) exactly 2 treatments are duplicated in each row and each column, and 
(iv) each of the 6 pairs of treatments is duplicated in exactly one row and exactly 
one column. 
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These row-and-column designs originate from the statistical literature, where 
Pearce and Taylor [9, p. 4061 gave the earliest example known to us: 
-1 2 3 4 1 2 
234114 
341223 
_ 1 
412331 
(1) 
123434 
234142 
Further examples were given by Pearce and Taylor [9, p. 4071, Pearce [7, p. 23; 
8, p. 401 and Kiefer [S, p. 3493. Pearce and Taylor called these row-and-column 
designs ‘balanced threefold classifications’. They are also specimens of ‘generalized 
Youden squares’ [2, p. 689; 3, p. 2991 and of ‘generalized Youden designs’ [4,5,12]. 
But 6 x 6 row-and-column designs satisfying conditions (i)-(iv) (inclusive) constitute 
the statistically most useful and combinatorially most interesting subclass of ‘balanced 
6 x 6 designs for 4 equally replicated treatments’. When there is no risk of ambiguity, 
we shall therefore refer to members of this subclass simply as balanced 6 x 6 designs. 
Some of the balanced 6 x 6 designs, including (l), contain an embedded 4 x 4 Latin 
square, but others do not. The occurrence of Latin squares in generalized Youden 
designs received attention from some of the authors already referenced and also from 
Seiden and Wu [ 13, p. 4591 and Ash [ 11, but will not be considered in the present paper. 
Until now, no enumeration of the balanced 6 x 6 designs seems to have been 
attempted, despite (or perhaps because of) a comment by Kiefer [S, p. 3491 suggesting 
that there might be very many of them. This deficiency has prevented statisticians 
from obtaining an experimental design by choosing a balanced 6 x 6 design at random 
from the widest possible set of such designs. (The standard statistical reasons why such 
a method of choice might often be thought desirable are connected with the validity of 
the analysis of the results of the experiment, and with the combining of results from 
different experiments.) The deficiency has also left us with little idea of what scope may 
be available for forming balanced Graeco-Latin designs by superimposing a second 
set of treatments on one of the balanced 6 x 6 designs. Complete enumerations and 
classifications of the balanced 6 x 6 designs have therefore now been made, and this 
paper reports the results. The paper then presents some balanced Graeco-Latin 
row-and-column designs in which two of the enumerated designs are superimposed. 
Readers interested in obtaining a complete list of the balanced 6 x 6 designs should 
contact the third author. 
2. Enumeration and classification 
Each of the following operations maps one of the balanced 6 x 6 designs into 
another: 
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Table 1 
A list of class types for the balanced 6 x 6 
designs 
Cl c.2 c3 C4 
6 0 0 0 
5 1 0 0 
4 2 0 0 
4 1 1 0 
3 3 0 0 
3 2 1 0 
3 1 1 1 
2 2 2 0 
2 2 1 1 
permuting the rows, 
permuting the columns, 
relabelling the treatments, and 
transposing the design. 
Using the definition that two of the designs are ‘equivalent’ if one can be changed 
into the other by a succession of these operations, we have enumerated the in- 
equivalent designs. We shall first describe the method and then give the results. As in 
(l), we use { 1,2,3,4} to denote the four treatments. 
Since each of the six 2-subsets of { 1,2,3,4} occurs once and only once as duplicated 
treatments amongst the rows, we use the row permutations to ensure that the 
2-subsets appear in the standard order {1,2}, { 1,3}, { 1,4}, {2,3}, {2,4} and {3,4}. 
Similarly, column permutations are used to ensure that the duplicated treatments for 
the columns are also in the standard order. A balanced 6 x 6 design where the 
duplicated treatments in both the columns and rows are in standard order is called 
a reduced 6 x 6 design. 
If the treatments of a reduced 6 x 6 design are relabelled, then we have to 
permute the rows and columns again to bring the design back to a reduced form. 
Observe that we have to use the same row and column permutation to ‘renormalize’ 
the design. In other words, after a relabelling of the treatments of a reduced 
6 x 6 design, we have to apply simultaneous row and column permutations to get 
back a reduced design. These simultaneous row and column permutations preserve 
the diagonal entries as a set. Given a reduced 6 x 6 design, we let cl denote the 
number of occurrences of treatment i in the diagonal. Two reduced 6 x 6 designs are 
said to be in the same class if their respective sequences of ci are the same, up to 
rearrangement. By using relabellings, we can ensure that every reduced 6 x 6 design 
can be relabelled to another one in the same class, but satisfying ci>ci+ 1 for 
i=l 3. , ..., 
The number of class types is equal to the number of partitions of 6 into 4 non- 
increasing parts. Table 1 gives the nine class types. 
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The inequivalent balanced 6 x 6 designs are enumerated in nine separate runs, 
one for each class type. Given a class-type, there are still symmetry operations 
which map a reduced 6 x 6 design back to the same class. For example, for the 
type (6,0,0,0), the 3! relabellings of the treatments (2,3,4}, and the transposing 
operation form a symmetry group of order 12. A symmetry operation that takes 
a balanced 6 x 6 design back to itself is called an automorphism. The set of automor- 
phisms forms a subgroup of the symmetry group and is called the automorphism group 
of the design. 
The actual enumeration is a backtracking search process. The symmetry is used 
both to reduce the size of the search and to test for the consistency of the results [6]. 
The sizes of the symmetry groups for the nine classes range from 2 to 12. Since these 
sizes are so small, isomorphism testing is performed by applying every element of the 
symmetry group to a design and checking whether it is equivalent to one generated 
earlier. To avoid having to store and search for the designs, they are generated in 
a lexicographical order. This order is defined by comparing the individual entries and 
the entries are compared in the order of generation. Hence, to check whether the 
image under the action of the symmetry group is a design generated earlier, we check 
whether the image is lexicographically smaller. 
To reduce the size of the search, we apply isomorphism testing at an intermediate 
level and reject duplicated subdesigns, a process known as isomorph rejection. The 
guiding principle for the choice of this intermediate level is: 
(1) the set of positions of the entries generated is closed under the action of the 
symmetry group, and 
(2) the subdesigns generated should be small but have few automorphisms. 
The first criterion ensures that the symmetry group takes a subdesign to another 
similar one with no undefined entries. The second criterion requires some trade-off 
analysis. Subdesigns with fewer automorphisms lead to fewer duplicated equivalent 
complete designs and hence less wasted effort. Subdesigns should also be small 
so that the generation is not the most expensive part of the backtrack process. 
However, small subdesigns tend to have larger automorphism groups. For the 6 x 6 
designs, we treat each class separately. For example, for the type (3,3,0,0), we generate 
both the first row and first column before performing isomorph rejection. For the type 
(3,1,1, l), we generate first the top left 3 x 3 principal submatrix. For the 
type (6,0,0,0), we generate first the bottom right 3 x 3 principal submatrix instead of 
the obvious top left 3 x 3 submatrix, because the subdesigns generated have fewer 
automorphisms. 
Table 2 gives the enumeration results. The counts are classified according to the 
class type and the size of the automorphism group. 
Let us say a few words about the symmetrical designs. Because each treatment 
occurs 9 times, it must occur an odd number of times on the diagonal. Hence, all 
symmetrical designs are found in the class (3,1,1,1). In fact, we found 920 symmetrical 
designs. Table 3 gives the distribution of the symmetrical designs according to the size 
of their automorphism groups. 
Balanced 6 x 6 designs for 4 equally replicated treatments 323 
Table 2 
Distribution of balanced 6 x 6 designs 
Class Size of automorphism group 
type 1 2 3 4 6 12 Total 
6000 701 
5100 10697 
4200 23713 
4110 46392 
3300 15481 
3210 188998 
3111 57394 
2220 47076 
2211 128166 
30 0 0 0 0 
78 0 0 0 0 
96 0 0 0 0 
91 0 0 0 0 
152 0 0 0 0 
0 0 0 0 0 
1176 14 34 14 2 
164 23 0 1 0 
262 0 0 0 0 
Total 
731 
10775 
23809 
46483 
15633 
188998 
58634 
47264 
128428 
520755 
Table 3 
Distribution of symmetrical balanced 6 x 6 designs 
Size of automorphism group Total 
1 2 3 4 6 12 
0 873 0 34 11 2 920 
The largest size of the automorphism group is 12. The two symmetrical designs 
whose automorphism groups are of size 12 are: 
3. Balanced 6 x 6 Graeco-Latin designs for two sets of four treatments 
(2) 
Consider the following 6 x 6 row-and-column design given by Potthoff [lo, 
p. 26, Design 43 where a set of four equally replicated treatments TI = { 1,2,3,4} 
has, superimposed on it, a further set of four equally replicated treatments 
(3) 
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T,={A,B,C,D}: 
1A 2C 4A 30 2B 1B 
30 4B 1C 2B 2A 3C ’ 
2B 1D 3B 2A 40 4C 
1B 3A 20 3C 4C 40 
In (3), Roman and Greek letters could have been used in place of numerals and 
upper-case letters, respectively, to give a representation analogous to that familiar for 
a Graeco-Latin square. Thus, (3) is a ‘nonorthogonal Graeco-Latin design’ [ 1 l] and 
could be used as the basis of the plan for an experiment involving two noninteracting 
sets of treatments. 
Equally, we can use T2 = { 1,2,3,4} to give (3) in the form 
- 1,l 2,3 4,l 3,4 2,2 1,2 
2,3 3,3 1,l 4,2 1,4 3,l 
4, 1 1,l 4,4 1,3 3,2 2,4 
3,4 4,2 1,3 2,2 2,l 3,3 
2,2 1,4 3,2 2,1 4,4 4,3 
1,2 3,l 2,4 3,3 4,3 4,4 
(4) 
Then (4) is at once seen to be a 6 x 6 Graeco-Latin row-and-column design having the 
properties that 
(i) the component designs for each of T, and T2 are reduced balanced 6 x 6 designs 
in the sense of the present paper, and 
(ii) the superimposition of Tz on TI IS such that the incidence matrix for the 
incidence of either of TI or Tz on the other is 
The 6 x 6 Graeco-Latin row-and-column designs with properties (i) and (ii) men- 
tioned above constitute a class of experimental designs of special interest, because they 
are statistically balanced in a deeper sense (see [ll]) than that implied merely by the 
incidence matrix (5) and are also efficient in the standard statistical sense. These 
Graeco-Latin row-and-column designs have not been enumerated. However, to meet 
the need to extend the number of them available for experimental use, and to provide 
examples that incorporate further inequivalent component designs, we append 
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Table 4 
Eight symmetrical efficient balanced 6 x 6 Graeco-Latin designs for two sets of four 
treatments 
A0 CB 
DA 
BD 1 AC 
BO 
B2 
co 
CC CB DA BD AC 
AA AD BC CA DB 
AD CC DD DC BA 
BC DD AA AB CD 
CA DC AB DD BB 
DB BA CD BB AA 
Al 
r BB CC AD BC CA DB 
cc AA CB DA BD AC 
AD CB CC DD DC BA 
BC DA DD AA AB CD 
CA BD DC AB DD BB 
DB AC BA CD BB AA 
CC BC DA CD AB 
AA AD CB BA DC 
AD CC DD DB CA 
CB DD AA AC BD 
BA DB AC DD BB 
DC CA BD BB AA 
BB CC DA BC AB CD 
CC AA CB AD DC BA 
DA CB CC DD BD AC 
BC AD DD AA CA DB 
AB DC BD CA DD BB 
CD BA AC DB BB AA 
AA CC CB BC BD DB 
CC.BB AD DA CA AC 
CB AD CC DD DC BA 
BC DA DD AA AB CD 
BD CA DC AB DD BB 
DB AC BA CD BB AA 
1 B3 
Cl 
CC BC DA AB CD 
AA AD CB DC BA 
AD CC DD CA DB 
CB DD AA BD AC 
DC CA BD DD BB 
BA DB AC BB AA 
BB CC DA BC CD AB 
CC AA CB AD BA DC 
DA CB CC DD AC BD 
BC AD DD AA DB CA 
CD BA AC DB DD BB 
AB DC BD CA BB AA 
AA CC BC CB BD DB r CC BB DA AD CA AC 
BC DA CC DD AB CD 
CB AD DD AA DC BA 
BD CA AB DC DD BB 
DB AC CD BA BB AA 
1 
1 
Table 4 from which eight of the Graeco-Latin row-and-column designs can be 
obtained. To draw attention to the combinatorial structure of each of these eight, their 
representations in Table 4 do not have the component designs in reduced form; to 
avoid confusion, we therefore now take Tl and T2 to be (A, B, C, D}. For each 
component design in each of the eight tabulated Graeco-Latin row-and-column 
designs, the six 2-subsets appear in the order {B, C}, {A, C}, {C, D}, (A, D}, {D, B}, 
{A, B) within rows and within columns. All of the sixteen component designs are 
symmetrical, but no two are equivalent. 
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Of the eight tabulated Graeco-Latin row-and-column designs, the first, namely, AO, 
has the most obvious structure, as it is invariant under the following, permutation-set: 
l S3: (1 3 5)(2 4 6) in rows and columns, and (B C D). 
Design Al is obtained from A0 by swapping entries 3 to 6 of row 1 with the 
corresponding entries of row 2 and by making the corresponding swaps in 
columns 1 and 2. Design Bl is similarly obtained from BO by swapping entries 1 to 
4 between columns 5 and 6 and between rows 5 and 6. Then B2 is obtained from Bl by 
swapping entries 1,2,5 and 6 between columns 3 and 4 and between rows 3 and 4. 
Design B3 is obtained from B2 like Bl is obtained from BO, and Cl is obtained from 
CO like B2 is obtained from Bl. By applying the permutation (2 5)(3 6 4) to the rows 
and columns of Potthoff’s design (3) and then relabelling the treatments of each set, 
design B3 of Table 4 can be obtained. 
One further symmetrical Graeco-Latin design formed by superimposing two in- 
equivalent balanced 6 x 6 designs is of special interest, namely (6): 
-AA DD CC BA DB CB 
DD AA BB DC CA BC 
CC BB AA CD BD DA 
BA DC CD BB AD AC 
DB CA BD AD CC AB 
CB BC DA AC AB DD - 
(6) 
Here, the two component designs are equivalent to the designs (2), having automor- 
phism group of order 12, and the superimposition has the following properties: 
(i) in each row and column, the duplicated letters from Tl are the unduplicated 
letters from T2, 
(ii) the incidence matrix for either of Tl and T2 on the other is 
A B CD 
A 
3 
2 2 2 
B 2 3 2 2 
C 2 2 3 2 ’ 
D [ 2 2 2 3 1 
and 
(iii) the Graeco-Latin design is invariant under the following permutation sets and 
under products of them: 
. Sl : (1 2 3)(4 5 6) in rows and columns, and (B C D) in Tl and T,; 
l S2: (2 3)(5 6) in rows and columns, and (C D) in Tl and T2. 
Like the Graeco-Latin row-and-column designs of Table 4, design (6) is statistically 
balanced in a deeper sense (again see [l 11) than the obvious one, but it is statistically 
slightly less efficient. 
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